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INVARIANT ERGODIC MEASURES AND THE
CLASSIFICATION OF CROSSED PRODUCT C∗-ALGEBRAS
XIN MA
Abstract. Let α : Gy X be a minimal free continuous action of an infinite
countable amenable group on an infinite compact metrizable space. In this
paper, under the hypothesis that the invariant ergodic probability Borel mea-
sure space EG(X) is compact and zero-dimensional, we show that the action
α has the small boundary property. This partially answers an open problem
in dynamical systems that asks whether a minimal free action of an amenable
group has the small boundary property if its space MG(X) of invariant Borel
probability measures forms a Bauer simplex. In addition, under the same hy-
pothesis, we show that dynamical comparison implies almost finiteness, which
was shown by Kerr to imply that the crossed product is Z-stable. Finally, we
discuss some rank properties and provide two classifiability results for crossed
products, one of which is based on the work of Elliott and Niu.
1. Introduction
Crossed products of the form C(X) ⋊r G arising from topological dynamical
systems, say from (X,G, α) for a countable discrete group G, an infinite compact
metrizable spaceX and a continuous action α, have long been an important source
of examples and motivation for the classification of separable nuclear C∗-algebras
by the Elliott invariant, that is, ordered K-theory paired with traces. The origin
of the classification programme of separable nuclear C∗-algebras by this invariant
dates back to Elliott’s work on the classification of AF-algebras [6]. Then in the
late 1980’s, Elliott [5] extended this result to the classification of AT-algebras with
real rank zero. We refer the reader to the survey papers [29] and [41] for general
background on the classification programme for separable nuclear C∗-algebras.
Nowadays, in order to classify a certain class of separable nuclear C∗-algebras it
is often sufficient to show that the algebras in the class have certain regularity
properties such as finite nuclear dimension or Z-stability. In 2008 Toms and
Winter conjectured that the three properties of strict comparison, finite nuclear
dimension, and Z-absorption are equivalent for unital separable simple infinite-
dimensional nuclear C∗-algebras (see [42], for example). As a result of work
of several authors, this conjecture, known as the Toms-Winter conjecture, has
been fully confirmed under the hypothesis that the extreme tracial states form a
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compact set with finite covering dimension (see [1], [18], [24], [25], [28], [30], [31],
[37] [39] and [40]).
If we restrict to crossed products one would like to find properties of the dy-
namical system that will lead us to classification results. Motivated by this idea,
one can also formulate dynamical properties which parallel the three regularity
properties in the C∗-setting of the Toms-Winter conjecture. A well-known dy-
namical analogue of strict comparison in the C∗-setting is dynamical comparison,
which was discussed in [3] and [16]. An analogue of the nuclear dimension is the
Rokhlin dimension introduced by Hirshberg, Winter and Zacharias [14] for actions
of finite groups and Z. Then Szabo´ [34] and Szabo´, Wu and Zacharias [35] general-
ized the definition of Rokhlin dimension for actions of Zd and virtually nilpotent
groups, respectively. On the other hand, the notions of amenability dimension
and dynamical asymptotic dimension were introduced by Guentner, Willett and
Yu [13]. Inspired by the work of Guentner, Willett and Yu, Kerr [16] then intro-
duced the tower dimension. All of these dimensions can be regarded as dynamical
analogues of nuclear dimension because if one of above dimensions of an action is
finite then the corresponding crossed product has finite nuclear dimension under
the assumption that the covering dimension of the space X is finite.
Kerr [16] also introduced a notion called almost finiteness, which is an analogue
of Z-stability in the dynamical setting. His definition in fact generalized the
original notion defined in [23] for a second countable e´tale groupoid whose unit
space is compact and totally disconnected. However, it is proved in [16] that this
new definition of almost finiteness implies Z-stability of the crossed product. In
addition, Kerr [16] also considered the following triad of properties for the free
minimal system (X,G, α):
(i) finite tower dimension;
(ii) almost finiteness;
(iii) dynamical comparison.
Then results mentioned above suggest that these three notions indeed perform
as a good dynamical analogues of their Toms-Winter counterparts. Thus the
relationship among them seems well worth further investigation not only on its
own interest but also for the classification of crossed products. Actually, it has
been shown that (i)⇒(ii)⇔(iii) in [16] in the case that the set EG(X) of ergodic
G-invariant Borel probability measures and covering dimension of X are both
finite. In [16] it is also mentioned that the examples in [11] satisfy (i) but not (ii).
Motivated by [16], we focus in the present paper on the relationship between
(ii) and (iii). We show that (ii)⇔(iii) still holds in the more general case that
EG(X) is compact and zero-dimensional. We remark that (i)⇒(ii)⇔(iii) has been
proved without any assumption on EG(X) in ongoing work of Kerr and Szabo´ if
the covering dimension of X is finite.
Another important property in dynamical systems considered in this paper
is the small boundary property. The relationship between this property and the
structure of EG(X) has been studied for a long time. It was proved in [22] and [32]
that if the invariant ergodic probability Borel measure space EZ(X) of an action
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α : Z y X is at most countable then the action has the small boundary property.
However, it is a general open problem in dynamical systems that asks whether a
minimal free action of an amenable group has the small boundary property if its
spaceMG(X) of invariant Borel probability measures forms a Bauer simplex, that
is, EG(X) = ∂eMG(X) is compact in the weak*-topology. In addition, the small
boundary property also plays an important role in the recent work of Elliott and
Niu [9] on the crossed products induced by minimal Z-actions. It is proved in [9]
that if such a Z-action has the small boundary property then the crossed product
is Z-stable. Motivated from these two perspectives it is worth investigating when
minimal free actions have the small boundary property. In this paper, we answer
the problem mentioned above in the positive under an additional assumption that
EG(X) is zero-dimensional. See Theorem 1.1 below. Our method unexpectedly
involves a theorem of C∗-algebras due to Lin [19] based on work of Cuntz and
Pedersen [4].
We write C for the class of all stably finite infinite-dimensional unital simple
separable nuclear C∗-algebras satisfying UCT and having finite nuclear dimension.
From the recent progress of classification programme we know that the class C
is classified by the Elliott invariant (Theorem 4.4 below). The following are our
main theorems.
Theorem 1.1. Let G be a countable infinite discrete amenable group, X an infi-
nite compact metrizable space and α : G y X a minimal free continuous action
of G on X. Suppose that EG(X) is compact and zero-dimensional in the weak*-
topology. Then α has the small boundary property.
Theorem 1.2. Let G be a countable infinite discrete amenable group, X an infi-
nite compact metrizable space and α : G y X a minimal free continuous action
of G on X. Suppose that EG(X) is compact and zero-dimensional in the weak*-
topology and α has dynamical m-comparison for some m ∈ N. Then α is almost
finite and thus the crossed product C(X)⋊rG is Z-stable and belongs to the class
C.
Combining Theorem 1.1 with Corollary 4.9 in [9], we have the following corol-
lary. In this paper, however, instead of using Corollary 4.9 in [9], we directly verify
that the crossed product under the assumption below has finite nuclear dimension
and thus belongs to the class C.
Corollary 1.3. Let X be an infinite compact metrizable space, and let h : X →
X be a minimal homeomorphism. Suppose that EZ(X) is compact and zero-
dimensional in the weak*-topology. Then C(X)⋊r Z belongs to the class C.
Our paper is organised as follows: Section 2 collects some preliminary results.
In section 3 we study dynamical m-comparison, m-almost finiteness and prove
Theorem 1.1 and the dynamical part of Theorem 1.2. In section 4, we discuss
some properties of C∗-algebras arising from almost finite actions and finish the
proof of Theorem 1.2.
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2. Preliminaries
In this section, we recall some terminology and definitions used in the paper.
Throughout the paper G denotes a countable infinite amenable group, X denotes
an infinite compact metrizable topological space and α : G y X denotes a con-
tinuous action of G on X . We write M(X) for the convex set of all regular Borel
probability measures on X , which is a weak* compact subset of C(X)∗. We write
MG(X) for the convex set of G-invariant regular Borel probability measures on
X , which is a weak* compact subset of M(X). We write EG(X) for the set of
extreme points of MG(X), which are precisely the ergodic measures in MG(X).
Given a unital C∗-algebra A, we write T (A) for the convex set of all tracial
states on A. Denote by B the reduced crossed product C∗-algebra C(X) ⋊r G
arising from a free action. For every measure µ in MG(X), the function τµ defined
on B by τµ(a) =
∫
X
E(a) dµ is a tracial state on B, where E is the canonical
faithful conditional expectation from B onto C(X). In the converse direction,
every tracial state induces an invariant measure on X by restricting to C(X).
Actually Theorem 15.22 in [26] shows that the function H : MG(X) → T (B)
defined by H(µ) = τµ is an affine bijection and it is not hard to see H is actually
an affine homeomorphism with respect to the weak*-topology. Therefore, we will
usually identify the spaces MG(X) and T (B). In addition, EG(X) and ∂eT (B)
correspond to each other under the same map.
The chromatic number of a family C of subsets of a given set is defined to be
the least d ∈ N such that there is a partition of C into d subcollections each of
which is disjoint. The idea of dynamical comparison dates back to Winter in 2012
and was discussed in the papers of Buck [3] and Kerr [16]. We record the version
appeared in [16] here.
Definition 2.1. ([16, Definition 3.1]) Let F be a closed subset ofX and O an open
subset of X . We write F ≺m O if there exists a finite collection U of open subsets
of X which cover F , an sU ∈ G for each U ∈ U , and a partition U =
⊔m
i=0 Ui
such that for each i = 0, 1, . . . , m the images sUU for U ∈ Ui are pairwise disjoint
subsets of O. When m = 0 we also write F ≺ O.
Definition 2.2. ([16, Proposition 3.3]) Let m ∈ N. The action α : G y X
is said to have dynamical m-comparison (m-comparison for short) if F ≺m O
for every closed set F ⊂ X and open set O ⊂ X satisfying µ(F ) < µ(O) for
all µ ∈ MG(X). When m = 0, we will also say that the action has dynamical
comparison (comparison for short).
Definition 2.3. ([16, Definition 4.1]) A tower is a pair (S, V ) consisting of a
subset V of X and a finite subset S of G such that the sets sV for s ∈ S are
pairwise disjoint. The set V is the base of the tower, the set S is the shape of the
tower and the sets sV for s ∈ S are the levels of the tower. We say that the tower
(S, V ) is open if V is open. A finite collection of towers {(Si, Vi) : i ∈ I} is called
a castle if SiVi ∩ SjVj = ∅ for all i 6= j ∈ I.
INVARIANT ERGODIC MEASURES 5
Definition 2.4. ([16, Definition 11.2]) Let m ∈ N. We say that a free action
α : G y X is m-almost finite if for every n ∈ N, finite set K ⊂ G, and δ > 0
there are a finite collection {(Si, Vi) : i ∈ I} of towers with following properties:
(i) Vi is an open subset of X for every i ∈ I;
(ii) Si is (K, δ)-invariant for every i ∈ I;
(iii) diam(sVi) < δ for every i ∈ I and s ∈ Si and the family {SiVi : i ∈ I} has
chromatic number at most m+ 1;
(iv) there are sets S ′i ⊂ Si for each i ∈ I such that |S
′
i| ≤ |Si|/n and X \⊔
i∈I SiVi ≺
⊔
i∈I S
′
iVi.
Ifm = 0, we say α : Gy X is almost finite for short. In this case {(Si, Vi) : i ∈ I}
is a castle.
Note that the Definition 2.4 here seems to be stronger than the definition of
almost finiteness in [16] in which all towers are open. However, it can be shown
that they are actually equivalent. We remark that it has been proved in [16] that
they are equivalent when m = 0. In general, firstly we fix a metric d on X . Given
n ∈ N, finiteK ⊂ G, and δ > 0, suppose that we have an open castle {(Si, Vi) : i ∈
I} satisfying the conditions of m-almost finiteness above. We start from condition
(iv) and write F for the set X \
⊔
i∈I SiVi for simplicity. Since F ≺
⊔
i∈I S
′
iVi holds
for the original castle, there are open subset O1, . . . , On of X and group elements
g1, . . . , gn ∈ G such that F ⊂
⋃n
i=1On and
⊔n
i=1 giOi ⊂
⊔
i∈I S
′
iVi. An argument
of partition of unity allows us to find open subset Wj ⊂ Oj such that Wj ⊂ Oj for
each j = 1, 2, . . . , n and {Wj : j = 1, 2, . . . , n} still form a cover of F . This allows
us to find a δ > 0 to define a new open subset O′j = {x ∈ X : d(x,X \ Oj) > δ}
such that Wj ⊂ O
′
j ⊂ Oj for each j = 1, 2, . . . , n. This implies that {O
′
j : j =
1, 2, . . . , n} also form a cover of F and thus there is another δ′ > 0 such that
B(F, δ′) = {x ∈ X : d(x, F ) < δ′} ⊂
⋃n
j=1O
′
j. Then by the definition of O
′
j and
the uniformly continuity of homeomorphisms induced by g−11 , . . . , g
−1
n there is a
γ > 0 such that d(gjx,X \ gjOj) > γ for all x ∈ O
′
j and all j = 1, 2, . . . , n. Thus
one has d(
⊔n
j=1 gjO
′
j, X \
⊔
i∈I S
′
iVi) ≥ d(
⊔n
j=1 gjO
′
j, X \
⊔n
j=1 gjOj) ≥ γ.
For an η > 0 and an open set U we write U−η = {x ∈ X : d(x,X \ U) > η}
for the open subset of U shrunken by η. Observe that for each i ∈ I, there is a
ηi > 0 such that Vi\V
−ηi
i ⊂ B(F, δ
′). Then by the uniform continuity one can find
an η > 0 such that X \
⊔
i∈I SiV
−η
i ⊂ B(F, δ
′/2) by shrinking all ηi if necessary.
In addition, by the same reason one can shrink η furthermore such that X \⊔
i∈I S
′
iV
−η
i ⊂ B(X \
⊔
i∈I S
′
iVi, γ/2). This entails that X \
⊔
i∈I SiV
−η
i ⊂
⋃n
j=1O
′
j
while
⊔n
j=1 gjO
′
j ⊂
⊔
i∈I S
′
iV
−η
i . This verifies that the new castle {(Si, V
−η
i ) : i ∈ I}
satisfies the condition (iv). In addition we see that this new castle satisfies the
other conditions ofm-almost finiteness above trivially and thus {(Si, V
−η
i ) : i ∈ I}
is what we want. The converse direction is trivial.
We recall the notion of central sequence algebra. Let A be a separable C∗-
algebra. Set
A∞ = ℓ
∞(N, A)/{(an)n ∈ ℓ
∞(N, A) : lim
n→∞
‖an‖ = 0}.
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We identify A with the C∗-subalgebra of A∞ consisting of equivalence classes of
constant sequences. We call A∞ ∩ A
′ the central sequence algebra of A, which
consists of all equivalence classes whose representatives (xn)n ∈ ℓ
∞(N, A) satisfy
‖[xn, a]‖ → 0 as n → ∞ for all a ∈ A. Each such representing sequence (xn)n is
called a central sequence.
The following lemma is due to Lin [19] based on work of Cuntz and Pedersen
[4]. This lemma enables us to realize strictly positive elements of Aff(T (A)) via
positive elements of A.
Lemma 2.5. ([19, Theorem 9.3]) Let A be a simple separable unital nuclear C*-
algebra such that T (A) 6= ∅ and let f be a strictly positive affine continuous
function on T (A). Then for any ǫ > 0, there exists x ∈ A+ with f(τ) = τ(x) for
all τ ∈ T (A) and ‖x‖ ≤ ‖f‖+ ǫ.
The following lemma is due to Toms, White and Winter [37].
Lemma 2.6. ([37, Lemma 3.4]) Let A be a separable unital C*-algebra with
non-empty trace space T (A). Let T0 ⊂ T (A) be non-empty and suppose that
(e1n)n, . . . , (e
L
n)n are sequences of positive contractions in A+ representing elements
of A∞ ∩ A
′ such that limn→∞ supτ∈T0 |τ(e
(l)
n e
(l′)
n )| = 0 for l 6= l′. Then there exist
positive elements e˜
(l)
n ≤ e
(l)
n so that:
(i) (e˜
(l)
n )n represents an element of A∞ ∩A
′;
(ii) limn→∞ supτ∈T0 |τ(e˜
(l)
n − e
(l)
n )| = 0;
(iii) e˜
(l)
n ⊥ e˜
(l′)
n in A∞ ∩ A
′ for l 6= l′.
3. Dynamical comparison and almost finiteness
In this section, we address the relationship between m-almost finiteness and
dynamical m-comparison, establishing Theorem 1.1 and the dynamical part of
Theorem 1.2. We first prove the following key lemma. This shows that for every
finite disjoint collection of closed subsets of EG(X) we can find disjoint collections
of closed subsets of X that correspond to it in a nice way.
Lemma 3.1. Let α : Gy X be a minimal free action such that EG(X) is compact
in the weak*-topology. Then for every ǫ > 0 and set W =
⊔L
j=1Wj which is a
disjoint union of closed subsets of EG(X), there are pairwise disjoint compact
subsets {Kj}
L
j=1 of X such that µ(Kj) > 1− ǫ for all µ ∈ Wj.
Proof. Given an ǫ > 0 and denote by A the C*-algebra C(X) ⋊r G, which is
simple since the action is minimal and free. We write H : MG(X) → T (A) for
the homeomorphism defined by τµ = H(µ) such that τµ(a) =
∫
X
E(a) dµ. Note
that ∂eT (A) = H(EG(X)) is compact under the weak*-topology. We also define
Vj = H(Wj) for all j = 1, 2, . . . , L, which are closed subsets of ∂eT (A). For
each j = 1, 2, . . . , L and n ∈ N+, choose a strictly positive continuous function
f jn : ∂eT (A)→ [0, 1] with the norm ‖f
j
n‖ = 1 + 1/n such that f
j
n = 1 + 1/n on Vj
and f jn = 1/n on
⊔
j′ 6=j Vj′. This is possible by Urysohn’s lemma as the V1, . . . , VL
are pairwise disjoint closed subsets of ∂eT (A). Since ∂eT (A) is compact, for each
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j and n we can extend f jn to a strictly positive continuous affine function on T (A)
with the same norm, which we also denote by f jn. Now apply Lemma 2.5 to obtain
a sequence (ejn)n of positive elements of A such that ‖e
j
n‖ ≤ 1 + 2/n and
f jn(τ) = τ(e
j
n)
for all τ ∈ T (A). Define the functions hjn = E(e
j
n) on X , where E is the faithful
conditional expectation from A onto C(X). Observe that ‖hjn‖ ≤ ‖e
j
n‖ ≤ 1+2/n.
Now, since τ(ejn) = τ(h
j
n) for all τ ∈ T (A), we have
f jn(τ) = τ(h
j
n)
for all τ ∈ T (A). Define gjn =
hjn
1+2/n
. Then for each n ∈ N+ one has
τ(gjn) = (n+ 1)/(n+ 2)
for every τ ∈ Vj while
τ(gjn) = 1/(n+ 2)
for every τ ∈
⊔
j′ 6=j Vj′.
Therefore, for the given ǫ, for each j = 1, . . . , L there is an Nj such that
τ(gjn) > 1 − ǫ whenever τ ∈ Vj and n > Nj . In addition, for 1 ≤ j, j
′ ≤ L with
j 6= j′ one has
lim
n→∞
sup
τ∈
⊔L
j=1 Vj
τ(gjng
j′
n ) = 0.
Now apply Lemma 2.6 to the abelian C∗-algebra C(X) with T0 =
⊔L
j=1 Vj and
sequences (g1n)n,. . . , (g
L
n )n (they are trivially central since C(X) is abelian). Then
we have sequences (g˜1n)n,. . . , (g˜
L
n )n such that for each 1 ≤ j 6= j
′ ≤ L one has
(i) g˜jn ≤ g
j
n;
(ii) limn→∞ ‖g˜
j
ng˜
j′
n ‖ = 0;
(iii) limn→∞ supτ∈
⊔L
j=1 Vj
|τ(g˜jn − g
j
n)| = 0.
Thus we may assume limn→∞ ‖g
j
ng
j′
n ‖ = 0 by replacing g
j
n with g˜
j
n. Then for each
pair 1 ≤ j 6= j′ ≤ L, there is an Mj,j′ ∈ N such that ‖g
j
ng
j′
n ‖ < ǫ
2 whenever
n > Mj,j′.
For the given ǫ > 0, choose an n > max{Nj ,Mj,j′ : 1 ≤ j 6= j
′ ≤ L} so that for
all j, j′ = 1, 2, . . . , L and τ ∈ Vj one has τ(g
j
n) > 1 − ǫ and ‖g
j
ng
j′
n ‖ < ǫ
2 if j 6= j′.
Define Kj = {x ∈ X : g
j
n(x) ≥ ǫ} for j = 1, 2, . . . , L. The sets K1, . . . , KL are
pairwise disjoint since x ∈ Kj ∩Kj′ implies g
j
n(x)g
j′
n (x) ≥ ǫ
2, which is impossible.
We write Uj = {x ∈ X : g
j
n(x) > 0} for j = 1, 2, . . . , L. Then for each µ ∈ Wj we
have the inequality
τµ(g
j
n) =
∫
X
gjn dµ =
∫
Kj
gjn dµ+
∫
Uj\Kj
gjn dµ > 1− ǫ
while
∫
Uj\Kj
gjn dµ ≤ ǫ · µ(Uj \ Kj) ≤ ǫ. This implies that µ(Kj) = 1 · µ(Kj) ≥∫
Kj
gjn dµ > 1− 2ǫ. 
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Note that for a fixed open subset O of X , the function f on M(X) given
by f : µ → µ(O) is lower semicontinuous. Similarly, if F is closed, f defined
on M(X) by f : µ → µ(F ) is upper semicontinuous. The following lemma is a
slightly stronger version of Lemma 9.1 in [16].
Lemma 3.2. Let X be a compact metrizable space with a compatible metric d and
let Ω be a weak* closed subset of M(X). Let λ > 0. Let A be a closed subset of
X such that µ(A) < λ for all µ ∈ Ω. Then there is a δ0 > 0 such that
µ({x ∈ X : d(x,A) ≤ δ0}) < λ
for all µ ∈ Ω.
Proof. For each δ > 0 set Nδ = {x ∈ X : d(x,A) ≤ δ}. Then for every µ ∈ Ω,
µ(A) < λ implies that there is a δ > 0 such that µ(Nδ) < λ. Now, write
Oδ = {µ ∈ M(X) : µ(Nδ) < λ}. Then {Oδ : δ > 0} is an open cover of Ω
since µ(Nδ) is an upper-semicontinuous function of µ as mentioned above. By the
compactness of Ω, one has Ω ⊂
⋃n
i=1Oδi for some subcover {Oδi : i = 1, 2, . . . , n}.
Let δ0 = min{δi : i = 1, 2, . . . , n}. It follows that Ω ⊂ Oδ0 and thus µ(Nδ0) < λ
for all µ ∈ Ω . 
The following lemma allows us to adjust the collection of Borel towers arising
in the Ornstein-Weiss tiling argument (Theorem 4.46 in [17]) to be a castle of a
form that appears in the definition of m-almost finiteness.
Lemma 3.3. Let α : G y X be a free action. Fix a µ ∈ MG(X) and an integer
n ∈ N. For every finite subset F ⊂ G and ǫ, η > 0, there is a castle {(Tk, Vk) :
k = 1, 2, . . . , K} such that for each k, Vk is open, Tk is (F, η)-invariant while
diam(sVk) < η for all s ∈ Tk, µ(
⊔K
k=1 TkVk) > 1− ǫ and the interval [
1
2n
|Tk|,
1
n
|Tk|]
contains an integer dk.
Proof. Since the action α : G y X is free, for all x ∈ X , one has µ({x}) = 0
and thus µ is atomless. Now, the Ornstein-Weiss theorem (Theorem 4.46 in [17])
implies that there is a castle {(Tk, Bk) : k = 1, 2, . . . , K} such that the shapes
Tk are (F, η)-invariant and the bases Bk are Borel for all k = 1, 2, . . . , K with
µ(
⊔K
k=1 TkBk) > 1 − ǫ/2. Since G is infinite, we may enlarge F and shrink η
sufficiently so that for each k ≤ K there is an integer dk in [
1
2n
|Tk|,
1
n
|Tk|].
By uniform continuity, there is an 0 < η′ < η such that for all s ∈
⋃K
k=1 Tk and
x, y ∈ X , if d(x, y) < η′, then d(sx, sy) < η. For each Bk, there is an open cover
of Bk, say {Oi,k : i ∈ Ik}, such that diam(Oi,k) < η
′/2 for every i ∈ Ik. Then by
compactness there is a finite subcover of Bk, say Bk ⊂
⋃nk
i=1Oi,k. Write Di,k =
Oi,k \
⋃i−1
j=1Oj,k and Ci,k = Bk ∩ Di,k, the latter of which satisfies diam(Ci,k) <
η′/2. Taking the sets Ci,k now to be bases, we have a castle {(Tk, Ci,k) : i =
1, 2, . . . , nk, k = 1, 2, . . . , K}, which satisfies µ(
⊔K
k=1
⊔nk
i=1 TkCi,k) > 1 − ǫ/2. For
each i and k, there is a compact set Mi,k ⊂ Ci,k such that µ(Ci,k \ Mi,k) <
ǫ
2
∑K
k=1 nk|Tk|
and hence µ(
⊔K
k=1
⊔nk
i=1 TkMi,k) > 1− ǫ.
We enlarge each Mi,k to an open set Ni,k such that diam(Ni,k) < η
′ and
{(Tk, Ni,k) : i = 1, 2, . . . , nk, k = 1, 2, . . . , K} is a castle. To do this, by normality,
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for the disjoint family {sMi,k : s ∈ Tk, i ≤ nk, k ≤ K}, we can first find another
disjoint family {Us,i,k ⊃ sMi,k : s ∈ Tk, i ≤ nk, k ≤ K}. Then for each i ≤ nk
and k ≤ K, one can define Ni,k = {x ∈ X : d(x,Mi,k) < η
′/2} ∩ (
⋂
s∈Tk
s−1Us,i,k).
Furthermore, for each pair (i, k), there is a Vi,k such thatMi,k ⊂ Vi,k ⊂ Vi,k ⊂ Ni,k.
The castle {(Tk, Vi,k) : i = 1, 2, . . . , nk, k = 1, 2, . . . , K} is now the one that we
want. Indeed, diam(Vi,k) < η
′ implies that diam(sVi,k) < η for all s ∈ Tk. Since
Mi,k ⊂ Vi,k, we have µ(
⊔K
k=1
⊔nk
i=1 TkVi,k) > 1− ǫ.

Now we are ready to prove the following theorem, which may be regarded as
a dynamical analogue of the known result on the Toms-Winter conjecture which
states that strict comparison implies Z-stability when the set of extreme tracial
states is compact and finite-dimensional ([18], [30] and [37]).
Theorem 3.4. Let α : Gy X be a minimal free action, where EG(X) is compact
and of covering dimension m in the weak*-topology. If α has dynamical compari-
son, then it is m-almost finite.
Proof. First we fix an integer n ∈ N, a finite subset F ⊂ G, and real numbers
η > 0 and 1
4n+2
> ǫ > 0. Then for every τ ∈ EG(X), Lemma 3.3 implies that
there is a castle Tτ = {(Sk, Vk) : k = 1, 2, . . . , K} where the sets Vk are open, the
shapes Sk are (F, η)-invariant, diam(sVk)< η for all s ∈ Sk, τ(
⊔K
k=1 SkVk) > 1− ǫ,
and the interval [ 1
2n
|Sk|,
1
n
|Sk|] contains an integer dk,τ . Define Tτ =
⊔K
k=1 SkVk,
which is open. Then, by the remark above, the function on EG(X) defined by
ρ→ ρ(Tτ ) is lower semicontinuous.
For every τ ∈ EG(X), we define the open neighborhood Uτ = {ρ ∈ EG(X) : ρ(Tτ ) >
1 − ǫ} of τ , which is open by the semicontinuity of ρ(Tτ ). The compactness of
EG(X) then implies that there is an I ∈ N such that EG(X) =
⋃I
i=1 Uτi . Since
dim(EG(X)) ≤ m, there is a finite cover W of EG(X) consisting of closed sets
such that W refines U = {Uτ1 , . . . , UτI} and a map c : W → {0, 1, . . . , m} such
that c(W ) = c(W ′) implies W ∩ W ′ = ∅. For each i ∈ {0, 1, . . . , m}, write
W(i) = {W
(i)
1 , . . . ,W
(i)
Li
}. Then for each i ≤ m and j ≤ Li, there is a τ
(i)
j
such that W
(i)
j ⊂ Uτ (i)j
. This implies that there is a finite collection of towers
{(S
(i)
k,j, V
(i)
k,j ) : k = 1, 2, . . . , K
(i)
j , j = 1, 2, . . . , Li, i = 0, . . . , m} such that for each
ρ ∈ W
(i)
j one has ρ(Tτ (i)j
) = ρ(
⊔K(i)j
k=1 S
(i)
k,jV
(i)
k,j ) > 1− ǫ.
Now fix a i ∈ {0, 1, . . . , m}. Apply Lemma 3.1 to Ri =
⊔Li
j=1W
(i)
j to obtain a
collection of pairwise disjoint compact sets {C
(i)
j }
Li
j=1 such that for all ρ ∈ W
(i)
j
one has ρ(C
(i)
j ) > 1−
ǫ
(
∑K
(i)
j
k=1 |S
(i)
k,j
|)2
. For {C
(i)
j }
Li
j=1, there are collections of pairwise
disjoint open sets {N
(i)
j }
Li
j=1 and {M
(i)
j }
Li
j=1 such that C
(i)
j ⊂ N
(i)
j ⊂ N
(i)
j ⊂ M
(i)
j .
Define Y
(i)
j =
⋂
s∈
⋃K
(i)
j
k=1 S
(i)
k,j
s−1N
(i)
j .
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Note that towers in the collection {(S
(i)
k,j, V
(i)
k,j ∩ Y
(i)
j ) : k = 1, 2, . . . , K
(i)
j , j =
1, 2, . . . , Li} are pairwise disjoint. Indeed, for all j, j
′ ≤ Li, s ∈ S
(i)
k1,j
and t ∈ S
(i)
k2,j′
one has s(V
(i)
k1,j
∩ Y
(i)
j ) ⊂ N
(i)
j and t(V
(i)
k2,j′
∩ Y
(i)
j′ ) ⊂ N
(i)
j′ . Then for all ρ ∈ W
(i)
j :
ρ((Y
(i)
j )
c) = ρ(
⋃
s∈
⋃K
(i)
j
k=1 S
(i)
k,j
s−1(N
(i)
j )
c) ≤
K
(i)
j∑
k=1
|S
(i)
k,j| ·
ǫ
(
∑K(i)
j
k=1 |S
(i)
k,j|)
2
=
ǫ
(
∑K(i)j
k=1 |S
(i)
k,j|)
.
It follows that
ρ(V
(i)
k,j ∩ Y
(i)
j ) ≥ ρ(V
(i)
k,j )−
ǫ
(
∑K(i)j
k=1 |S
(i)
k,j|)
,
and thus
ρ(
K
(i)
j⊔
k=1
S
(i)
k,j(V
(i)
k,j ∩ Y
(i)
j )) ≥
K
(i)
j∑
k=1
|S
(i)
k,j|(ρ(V
(i)
k,j )−
ǫ
(
∑K(i)j
k=1 |S
(i)
k,j|)
)
=
K
(i)
j∑
k=1
|S
(i)
k,j|ρ(V
(i)
k,j )−
K
(i)
j∑
k=1
|S
(i)
k,j|
ǫ
(
∑K(i)j
k=1 |S
(i)
k,j|)
= ρ(
K
(i)
j⊔
k=1
S
(i)
k,jV
(i)
k,j )− ǫ
≥ 1− 2ǫ
for all ρ ∈ W
(i)
j .
Then, since EG(X) =
⋃m
i=0Ri =
⋃m
i=0
⊔Li
j=1W
(i)
j , for all ρ ∈ EG(X) one has:
(⋆) ρ(
m⋃
i=0
Li⊔
j=1
K
(i)
j⊔
k
S
(i)
k,j(V
(i)
k,j ∩ Y
(i)
j )) ≥ 1− 2ǫ.
Define O =
⋃m
i=0
⊔Li
j
⊔K(i)j
k S
′(i)
k,j (V
(i)
k,j ∩Y
(i)
j ) where S
′(i)
k,j ⊂ S
(i)
k,j with |S
′(i)
k,j | = dk,τ (i)j
∈
[ 1
2n
|S(i)k,j|,
1
n
|S(i)k,j|] and F = X \
⋃m
i=0
⊔Li
j
⊔K(i)j
k S
(i)
k,j(V
(i)
k,j ∩ Y
(i)
j ). This implies that
ρ(O) ≥ 1
2n
(1 − 2ǫ) and ρ(F ) < 2ǫ for all ρ ∈ EG(X). Applying Lemma 3.2 to
F , there is an open set U ⊃ F such that ρ(U) < 2ǫ for all ρ ∈ EG(X). In the
same manner, applying Lemma 3.2 to Oc, there is a closed set D ⊂ O such that
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ρ(D) ≥ 1
2n
(1 − 2ǫ) for all ρ ∈ EG(X). Then since our ǫ is chosen to be less than
1
4n+2
, one has 1
2n
(1− 2ǫ) > 2ǫ. It turns out that for every ρ ∈ EG(X) one has:
() ρ(D) ≥
1
2n
(1− 2ǫ) > 2ǫ > ρ(U);
By convexity, () also holds for all ρ ∈ conv(EG(X)). Now, let τn → τ where
τn ∈ conv(EG(X)) and τ ∈MG(X). By the portmanteau theorem (Theorem 17.20
in [15]), τ(D) ≥ lim supn→∞ τn(D) ≥
1
2n
(1 − 2ǫ) and τ(U) ≤ lim infn→∞ τn(U) ≤
2ǫ, which implies that ρ(D) ≥ 1
2n
(1 − 2ǫ) > 2ǫ ≥ ρ(U) holds for all τ ∈ MG(X).
Therefore, τ(O) ≥ τ(D) > τ(U) ≥ τ(F ) for all τ ∈ MG(X).
Therefore, since the action α has dynamical comparison, one has:
X \
m⋃
i=0
Li⊔
j
K
(i)
j⊔
k
S
(i)
k,j(V
(i)
k,j ∩ Y
(i)
j ) ≺
m⋃
i=0
Li⊔
j
K
(i)
j⊔
k
S
′(i)
k,j (V
(i)
k,j ∩ Y
(i)
j ).
Finally, we write Ti for the collection of towers {(S
(i)
k,j, V
(i)
k,j ∩ Y
(i)
j ) : k = 1, 2, . . . , K
(i)
j , j =
1, 2, . . . , Li} for i = 0, 1, . . . , m. Observe that towers in each Ti are pairwise dis-
joint. This implies that the collection of towers {Ti : i = 0, 1, . . . , m} witnesses
that α is m-almost finite.

The theorem below arises from the one above if we assume EG(X) is compact
and zero-dimensional, but weaken “comparison” to “m-comparison” in order to
arrive at almost finiteness. The idea of the proof of the following theorem comes
from Theorem 9.2 in [16]. This completes the proof of the dynamical part of
Theorem 1.2.
Theorem 3.5. Let α : G y X be a minimal free action such that EG(X) is
compact and zero-dimensional in the weak*-topology. If α has dynamical m-
comparison for some m ∈ N, then it is almost finite.
Proof. First, we fix n ∈ N, a finite set F ⊂ G, η > 0 and 1
4(m+1)n+2
> ǫ > 0. Then
by the same proof of Theorem 3.4, there exists a castle {(Si, Vi) : i ∈ I} where the
sets Vi are open, the shapes Si are (F, η)-invariant, diam(sVi)< η for all s ∈ Si
and µ(
⊔
i∈I SiVi) ≥ 1 − 2ǫ for all µ ∈ MG(X). In addition, since G is infinite we
can enlarge F to make all Si have large enough cardinality so that there is an
S ′i,0 ⊂ Si satisfying
1
2(m+1)n
|Si| < |S
′
i,0| <
1
(m+1)n
|Si|. Write O =
⊔
i∈I S
′
i,0Vi and
F = X \
⊔
i∈I SiVi. Then we have the following inequality for all µ ∈MG(X):
µ(O) ≥
1
2(m+ 1)n
(1− 2ǫ) > 2ǫ ≥ µ(F ).
Since α has m-comparison, there is a finite collection U of open subsets of X
which cover F , an sU ∈ G for each U ∈ U , and a partition U =
⊔m
j=0 Uj such that
for each j = 0, 1, . . . , m the images sUU for U ∈ Uj are pairwise disjoint subsets
of O. For each i ∈ I, since |S ′i,0| <
1
(m+1)n
|Si|, we can choose pairwise disjoint
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sets S ′i,k of the same cardinality, for k = 1, 2, . . . , m, which allows us to choose a
bijection ϕi,j : S
′
i,0 → S
′
i,j.
For U ∈ U , i ∈ I and t ∈ S ′i,0 we denote by WU,i,t the open set U ∩ s
−1
U tVi. For
each j ∈ {1, 2, . . . , m} and U ∈ Uj , the family {WU,i,t : i ∈ I, t ∈ S
′
i,0} forms a
partition of U . This implies that the sets ϕi,j(sU)t
−1sUWU,i,t for U ∈ Uj , i ∈ I, t ∈
S ′i,0 are pairwise disjoint and contained in
⊔
i∈I S
′
i,jVi. This entails F ≺
⊔
i∈I S
′
iVi
where S ′i =
⊔m
j=0 S
′
i,j with |S
′
i| <
1
n
|Si| and thus verifies that α is almost finite.

Combined with (i)⇒(ii)⇒(iii)⇒(iv) in Theorem 9.2 in [16], the theorem above
yields the same conclusion as this theorem from [16] under a weaker hypothesis.
Corollary 3.6. Let α : G y X be a minimal free action. If EG(X) is compact
and zero-dimensional, the following conditions are equivalent.
(i) α is almost finite;
(ii) α is m-almost finite for some m ≥ 0;
(iii) α has comparison;
(iv) α has m-comparison for some m ≥ 0.
Now, we would like to bring the small boundary property into the picture. The
small boundary property was introduced in [22]. The small boundary property
is equivalent to mean dimension zero for Z-actions [21] and Zd-actions [10] with
marker property and thus in particular this equivalence holds if the action is
minimal and free. However it is still open for actions of a general amenable
group that whether mean dimension zero and the small boundary property are
equivalent.
Definition 3.7. An action α : Gy X is said to have the small boundary property
if for every point x ∈ X and every open U ∋ x there is an open neighborhood
V ⊂ U of x such that µ(∂V ) = 0 for every µ ∈MG(X).
In [22] and [32], a cardinality argument is used to show that if EZ(X) is at most
countable, then α : Z y X has the small boundary property. Theorem 1.1 thus
provides a generalization of this result under the assumption that the action is
minimal and free. The following proposition was communicated to me by Ga´bor
Szabo´.
Proposition 3.8. Let α : G y X . Suppose that for every δ > 0, ǫ > 0 there is
a collection U of pairwise disjoint open sets such that maxU∈U diam(U) < δ and
µ(X \
⋃
U) < ǫ for all µ ∈ MG(X). Then α : G y X has the small boundary
property.
Proof. Fix a metric d on the space X . We firstly claim that given F ⊂ O where
F is closed and O is open, for every ǫ > 0 there is an open neighbourhood V of
F such that F ⊂ V ⊂ V ⊂ O and µ(∂V ) < ǫ.
To show this claim firstly observe that l = d(F,Oc) > 0, which implies that
F ⊂ B(F, l/2) ⊂ B(F, l) ⊂ O where B(F, l/2) is defined to the set {x ∈ X :
d(x, F ) ≤ l/2} while B(F, l) is defined to be the set {x ∈ X : d(x, F ) < l}. Now,
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for the number l/2 and a given positive number ǫ > 0 one can find a collection U of
pairwise disjoint open sets such that maxU∈U diam(U) < l/2 and µ(X \
⋃
U) < ǫ
for all µ ∈MG(X).
Now define K = F \
⋃
U ⊂ X \
⋃
U which entails that µ(K) < ǫ for all
µ ∈ MG(X). Then Lemma 3.2 implies that there is an open subset M such
that K ⊂ M ⊂ M ⊂ O such that µ(M) < ǫ for all µ ∈ MG(X). Now consider
{U ∈ U : F∩U 6= ∅}∪{M} form an open cover of F and thus has a finite subcover,
say, {U1, . . . , Un,M} by compactness. For each i = 1, . . . , n since diam(Ui) < l/2
and Ui ∩ F 6= ∅, one has Ui ⊂ B(F, l/2) and thus Ui ⊂ B(F, l/2) ⊂ B(F, l) ⊂ O.
Now define V = (
⊔n
i=1 Ui) ∪M , which satisfies that F ⊂ V ⊂ V ⊂ O.
In addition, consider ∂V ⊂
⋃n
i=1 ∂Ui ∪ ∂M . Since the family U is disjoint, each
∂Ui ⊂ X \
⋃
U and thus
⋃n
i=1 ∂Ui ⊂ X \
⋃
U . Combining with the fact ∂M ⊂M ,
one has µ(∂V ) < 2ǫ for all µ ∈MG(X). This completes the claim.
Now, let x ∈ O where x ∈ X and O is an open subset of X . Then we proceed by
induction to construct sequences x ∈ U1 ⊂ U2 ⊂ · · · ⊂ O and O ⊃ Z1 ⊃ Z2 ⊃ . . .
such that ∂Un ⊂ Zn and µ(Zn) < 1/n for all µ ∈ MG(X) and n ∈ N
+. Firstly,
the claim above allows us to choose an open neighbourhood U1 of x such that
x ∈ U1 ⊂ U1 ⊂ O such that µ(∂U1) < 1 for all µ ∈ MG(X). Then apply Lemma
3.2 to ∂U1 to obtain an open neighbourhood Z1 of ∂U1 such that Z1 ⊂ O and
µ(Z1) < 1 for all µ ∈MG(X). Suppose that we have constructed U1 ⊂ U2 ⊂ · · · ⊂
Uk ⊂ O and O ⊃ Z1 ⊃ Z2 ⊃ · · · ⊃ Zk such that ∂Un ⊂ Zn and µ(Zn) < 1/n for
all µ ∈MG(X) and n = 1, . . . , k. Now we define Uk+1 and Zk+1. Apply the claim
above to Uk ⊂ Uk ∪ Zk then there is an open subset Uk+1 such that Uk ⊂ Uk+1 ⊂
Uk+1 ⊂ Uk ∪Zk ⊂ O with µ(∂Uk+1) < 1/(k+1) for all µ ∈MG(X). Observe that
Zk is an open neighbourhood of ∂Uk+1. Then by Lemma 3.2 again there is an
open subset Zk+1 such that ∂Uk+1 ⊂ Zk+1 ⊂ Zk+1 ⊂ Zk and µ(Zk+1) < 1/(k + 1)
for all µ ∈MG(X). This finishes our construction.
Now define U =
⋃∞
n=1 Un. Then x ∈ U ⊂ O. In addition, our construction
implies that Uk ⊂ U ⊂ Uk ∪ Zk for each k ∈ N
+. Therefore one has
∂U = U \ U ⊂ Uk ∪ Zk \ Uk ⊂ Zk
for each k ∈ N+. This entails that µ(∂U) = 0 for all µ ∈ MG(X). This verifies
the small boundary property. 
We remark that the converse of the proposition above is also true. But the di-
rection in the proposition above is good enough for our purpose to prove Theorem
1.1:
Proof. (Theorem 1.1) Let α : G y X be a minimal free action. We revisit the
proof of Theorem 3.4. Given a finite set F ⊂ G, ǫ > 0 and δ > 0, if EG(X) is
compact and zero-dimensional, then the process allows us to construct a finite
open castle {(Ti, Vi) : i ∈ I} such that
(i) Ti is (F, δ)-invariant for every i ∈ I;
(ii) diam(tVi) < δ for all t ∈ Ti and all i ∈ I;
(iii) µ(X \
⊔
i∈I TiVi) < ǫ for all µ ∈ EG(X) (i.e. inequality (⋆) ).
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Then, the same argument as in the proof of Theorem 3.4, together with Lemma
3.2 and the portmanteau theorem, imply that:
(iii’) µ(X \
⊔
i∈I TiVi) < ǫ for all µ ∈MG(X).
At last, Proposition 3.8 implies that α : G y X has the small boundary
property. 
We close this section by remarking that the property that requires the existence
of castles satisfying properties (i), (ii) and (iii’) is called “almost finiteness in
measure” and was introduced in ongoing work of Kerr and Szabo´ in which it is
proved that a minimal free action α : Gy X has the small boundary property if
and only if it is almost finite in measure.
4. Crossed product C∗-algebras arising from almost finite actions
In this section, we explore some properties of the crossed products arising from
a minimal free almost finite action α : G y X . The following is one of the most
important justifications, from the C∗-algebra perspective, for the study of the
dynamical analogue of the Toms-Winter conjecture.
Theorem 4.1. ([16, Theorem 12.4]) Let α : Gy X be a minimal free action. If
α is almost finite, then the crossed product C(X)⋊r G is Z-stable.
We observe that any crossed product C∗-algebra A = C(X)⋊r G arising from
a minimal action α : G y X is stably finite since τ(a) =
∫
X
E(a) dµ is a faithful
tracial state on A, where µ is an invariant probability measure on X (such a G-
invariant probability measure always exists since the group G is assumed to be
amenable) and E is the canonical faithful conditional expectation from A to C(X).
Therefore, if the action α is also free and almost finite, then A = C(X)⋊r G has
stable rank one by Theorem 4.1 above and Theorem 6.7 in [28]. We remark that
both Kerr [16] and Suzuki [33] generalize the notion “almost finiteness” from [23].
Both generalizations coincide with the original one if the space X is the Cantor
set. They differ in general since “almost finiteness” in [33] does not necessarily
imply Z-stability.
Compared with stable rank, it is much harder to determine the real rank as well
as the tracial rank of a C∗-algebra arising from minimal free almost finite actions
of an infinite amenable group. The following result is due to Rørdam.
Theorem 4.2. ([28, Theorem 7.2]) The following conditions are equivalent for
each unital, simple, exact, finite, Z-absorbing C∗-algebra A.
(i) rr(A) = 0;
(ii) ρ(K0(A)) is uniformly dense in Aff(T (A))
where ρ is defined by ρ(g)(τ) = K0(τ)(g).
A crossed product C∗-algebra A = C(X)⋊rG arising from minimal free almost
finite actions of an infinite amenable group certainly satisfies the assumption of
the theorem above. However, it is generally very difficult to verify whether A
satisfies condition (ii) in the theorem above. Known examples are the irrational
rotation algebras, which are included in a collection of more general examples
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constructed by Lin and Phillips in [20]. Note that every irrational rotation on
T is indeed almost finite by Theorem 1.2 since it is uniquely ergodic and has
dynamical comparison (see [3]). It is worth mentioning that the result of Lin and
Phillips in fact recovers the Elliott-Evans Theorem [7] stating that every irrational
rotation algebra is an AT-algebra with real rank zero. On the other hand, if the
space X is the Cantor set, Phillips [27] worked on almost AF Cantor groupoids
and proved that the crossed product arising from a minimal free action Zd y X
has real rank zero. Suzuki [33] then generalized the result of Phillips by a different
approach by proving the following theorem in [33].
Theorem 4.3. ([33, Remark 4.3]) Let α : Gy X where X is the Cantor set. If
α is almost finite, then the crossed product C(X)⋊r G has real rank zero.
Suzuki [33] also proved that α : G y X is almost finite if G is abelian and X
is the Cantor set. Then, as an application of Theorem 4.3, C(X) ⋊r G has real
rank zero if G is abelian and X is the Cantor set.
We close this section by finishing proving Theorem 1.2 and Corollary 1.3. The
following remarkable classification theorem comes from a combination of works of
Elliott-Gong-Lin-Niu [8], Gong-Lin-Niu [12] and Tikuisis-White-Winter [36].
Theorem 4.4. The class C of infinite-dimensional stably finite simple separa-
ble unital C∗-algebras satisfying the UCT and having finite nuclear dimension is
classified by the Elliott invariant.
This leads us to the completion of the proof of Theorem 1.2 and Corollary 1.3.
Proof. (Theorem 1.2) Since EG(X) is compact and zero-dimensional, Theorem
3.5 and Theorem 4.1 imply that the crossed product A = C(X)⋊r G is Z-stable.
Then the result in [1] shows that A has finite nuclear dimension because the
extreme tracial states form a compact set in the weak*-topology. In addition,
C(X)⋊r G is isomorphic to a C
∗-algebra of a Hausdorff, locally compact, second
countable amenable transformation groupoid and thus satisfies UCT by a result
of Tu [38]. Then the crossed product A = C(X) ⋊r G belongs to the class C,
which is classified by the Elliott invariant by Theorem 4.4 above. 
Proof. (Corollary 1.3) Suppose EZ(X) is compact and zero-dimensional, then α :
Z y X has the small boundary property by Theorem 1.1. Then [9] implies that
A = C(X) ⋊r Z is Z-stable and therefore A has finite nuclear dimension. In
addition, the result of Tu [38] shows that A satisfying UCT as mentioned above.
Then the crossed product A = C(X)⋊rZ belongs to the class C, which is classified
by the Elliott invariant by Theorem 4.4 above. 
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